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Some figures of economic time series
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Some figures of economic time series
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Some figures of economic time series
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Why Modelling Volatility

1) Many economic time series exhibit periods of unusually large volatility followed
by periods of relative tranquility (see Figure 2.5 and Figure 3.4). The conditional ho

moskedastieity assumption for the error term 13 inappropriate 1n these cases

2) Sometimes we are more interested 1n the conditional variance of a seres.

3) Conditional forecasts are superior to unconditional forecasts. For example, study

AR(1) model with conditional homoskedasticity assumption for the error term: y; = ap+
ai1yi—1 + ¢, where ¢; 15 a white process satistying E(c|y:—1) = 0 and Var(s|y—y) = 0%
Since Eiypo = ag + ayy, and By = ag/(1 — ay), we have

2
it ri]r;. . — {In — ﬂ.l'?h] = J', E
b1 u Ldt J

2
= 2
E (o1 —ao/(1 —a1))’ — E(Zﬂ‘.sf+._f) - - o,

That 15 the nneconditional torecast has

a larger vamance than the conditional forecast

4) Some series appear in volatility clustering, which are different from the series in
the random walk process.



Specification ?

Y, =X_.&, & :whitenoise with (0,5?)
Var(yt | Xt—l) - th—lo-2
O Restrictions:

1) This assumes a specific cause X, , for the volatility
of y, or the changing conditional variance of y;,.
(What about if the cause is not obvious?)

2) Multiplicative form: Transformation of the data
can make the conditional variance constant when
assuming that the log error term has a constant

variance:
Iny, =Inx._, +Ing,

If Var(Ing, | X,_,) = a positive constant



ARCH(1) process

U = Qo + 1le—1 + ¢, o] <1

£ = Uy 1_..5.:1:[} +aiel , ap >0 0<a; <1

7

Here v; 1s a white-noise process with Var(v;) = 1, and 1; and &_;. are independen.

{y:} 1s stationary since

y i
Yr = 1—a +;ﬂjuf—h
g
Ely,) =
(ve) 1—a
1 ¥
Tar () Za ‘Var(s;_;) =

—ajl—ay’

aj g

(q‘m (Jf'.! lﬂt— ) - Z a3+2—11 ﬂ?‘(Ef) = 1

5 )
—a7; 1l —
1=0 ! :

The variance of ¥; 15 Increasing 1n «; and 1n the absolute value of a;,. The ARCH
error process can be used to model periods of volatility within the univariate

framework.



ARCH(1) process

Y= ag+ ay— +&4, ap| <1

£ = Uy \y.-’#iil’u + ::.;153_], ag =0, 0 <oy <1

7

Here v; 1s a white-noise process with Var(v;) = 1, and 1; and &_;. are independen.

Et—lyr = E (’H:|y:—1;?jt—2, o ,) = Qg + Q1 Yt—1,

2 2 2
Var (3 |ye—1, -2, -, ) = Beoa[ye — a0 — arle—1]” = Ei_16; = ag + a5y



ARCH(1) process: example
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ARCH(q) process

Yp = Ty T &y,

where ¢; 15 conditionally heteroskedastic in the form of

£t = Ue\/ Py, (1)
where
2 2 :
hi =g+ aig;_ + -+ ag5_,, ARCH(g)
and
ag =0,y =20,--- a; = 0.
Here v; 15 a white-noise process with Var(w) = 1, and v; and gy, - 54—, are

independent. In ARCH(q), all the shocks from £;_; to £;_, have a direct effect on

g due to the nonlinear correlation between ¢; and s;_; through ¢;_g: 5 = v/ s
[t 1s assumed that all the roots of

l—az—- —azf =0
lie outside the umit circle.

10



ARCH(q) process

EC: — 0

Var(s;) =

Ecigy o = 0, 7s#0

E[Ct|5t—l;5t—‘3; T ] =0

2
i—qg"

r;r? = E[cf|£f_|?::t_g:---) = Qi —|—r:::'|a:f_1 T T Qe

The series {z;} are serially uncorrelated (E[s:5:—;] = U, s = U), but they are not
independent (Var(stsi—y,&t—2,-++) # 0). The ARCH model can capture periods
ol tranquility and volatility in the {g } series. The conditional variance o} has two
parts: a constant term g and the inear combination of the information about the

squared errors c;_,,--- ,&;_. ( i.e. an ARCH term).

11



ARCH(1) specification: A note

The specification

2
£t

= g + a-lsg_, + -+ a'qs‘:‘_q + M, 1S not preferred,

where 7, 1s 1.1.d with Bn, = 0, Var(n,) = > and 1, > —ag,t = 1,2,--- .

For example, assume that h; = ap + a,22_,, where N = h:(l-'f —1)

lay| < 1 Then

and

a2\’ a2
ER: ¢ " 0
h‘t l_a‘.'l! (l_&_ljﬂ

24,2 2
ajA g 9

I—af " (1-a)]

22—

A may have non-real solution.
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Estimation: Conditional MLE

Yy = T4/ + &4
with

Et = \uf{};*
where

2 -2
h—t = (g + &4 + -t aq*t—q:

vy ~1.1.d.N(0,1), and v; and ;_y,--- ,c;—4 are independent. We condition on the
first g observations (f = —g+1,--- |1, 0) and use observations ¢t = 1,2 ... T for

estimation. Denote

_ r
Yt: (yt:yf—]:"' Y1, Yo, 1y—q’+l?:ﬂr1:"‘ﬂr—11“' s L1, Lo, :'T—Q"Fl) .

Then (y;|x:, Yi—y) ~ N(z:3, hs). The conditional log likelihood function 1s

T 1 (yr — :ff;;)z
InL, = In I I Aok exp | — oh
T

: 2 0 2
with h; = ag + ay (Y1 — @1 3)” + - - + g (Yi—g — T1—g/F)" .

13



Test for ARCH(q)

Conduct the standard ACF or ()-statistic test to the squared residuals from the
estimated main model of 1;, which can help 1dentify the order of the ARCH process.
Also, Lagrange multiplier test (Engle(1982)) can be used. The null 1s

Hy:ap=---=a4=0.

That 1s, the error term £; 15 an white noise process. Use Lagrange multiplier test ac-

cording to the following steps:

(1) LS regress y; on x; by using the observationst = —g+ 1, —g+2,--- T and save
the sample residuals £; and hy = % :;I &l

. Ef_ ¢~ Then the sample size T' times the R? from

(i) Regress &; /hg—1lon 1, & | .-
this regression converges in distribution to y?(g) under the null Hy. Or generate the

squared residual sequences {ZE} then estimate a regression of the form

~2 2

. Y. = =2
Ef = Qg T Q& T Qa€;_o + -+ T Qg

t—q-

Test the null hypothesis using the statistics TR? ~ y%(q) or F ~ F(q,T — q).

14



GARCH specification

g = v/hg, where {1;} is a white-noise with o2 = 1, independent of h;, and
he = 0 + 01—y + - - + 6phs—p + Qugs_y + - + Qgty_,.
The process {h;:} can be seen as an ARCH (o) process:

hs = ag + 7(L)z!

where
e~ all) L+ agl? 4+l
FF(L)—}Z_;TF}L l—fﬁ(L) l—f5|L—tsz2__épLP
and (1— 08, — 8, —--- — &,) ap = 8. The GARCH(p,q) process{c;} is stationary
1t

O1+0a+ -+ +tar+tar+- - +a, <L

15



GARCH

op = Eial(ef) =M
= Op+ 5lgf_] + -+ 5p:7§_p + (k]:':?_l + T D:qr_'.f_q}

which 1s not constant. That 1s, the conditional variance of the disturbances in the
model of y; looks very much like (but is not) an ARM A(p, q) process (derive the

process?). For unconditional mean, variance and covariance, we have

Eeg = 0

Ee; = Euv}-Eh;= Eh; = E(E;_(<}))
= So+aBe,_y+-- +agBe;_,+6Ehs_ + -+ 8,Eh;_,
= S+ (ay+---+a,+0,+--+0,) Ec}
= Oo/(l—a;—---—ag— 06, — - —0p)

< oo, fl—a;—-—ag—06,—--—0, >0.

?

FEeciey . = FE (?_rft_.'r_s Lm) =0%s=£0.

16



GARCH: MLE

MLE of GARCH For the GARCH model

yt = :rt;-j + Ef? Ef = Tlt‘l,"f'h_t:l T':'f Tt l_idﬁ‘lr(u.h J_):
hy = Oo+01hsy+ -+ 0phep+ ugl_y + -+ agey_,

the conditional likelihood function 1s

T .
[ 1 exp | — (y: — ﬂftﬁ'-ﬂ'z
o1 V2mhe 2hy |

17



GARCH: Diagnosis

¢ Diagnostics for model adequacy: An estimated GARCH model should capture
all dynamic aspects of the model of the mean and the model of the conditional
variance. The estimated residuals should be serially uncorrelated (Z; close to white
noise process) and should not display any remaining conditional volatility (the

residuals w; 1n the model of the conditional variance close to white noise process).

. Use the standardized residuals 5; = £;/ ?ttl /? and conduct Ljung-Box ()-statistic test

to see 1f the model of the mean 1s properly specified.

. Use the squared standardized residuals 37 = &7/ hy = #? and conduct Ljung-Box

()-statistic test to see 1f there are remaining GARCH effects 1n the model ot the

conditional variance.

18



GARCH: Evaluation

¢ Assessing the fit of GARCH estimation: 1) Choose the model with the
2
smallest RSS' =51, (sf — ht) : 2) Select the model with smallest AIC and SBC:

AIC" = —InL+2n, SBC = —InL+nInT, where L = -7 (ln e +z§/ﬁt) |

19



GARCH: Forecast

e Forecast the mean and the conditional variance: Consider, for example, the
GARCH(1,1) model with ¢; = 1.-'fht' ;2? where 1; 15 independent of z;_, for all s = 0
and b, — ag + a2 | + 3,h;—; with a; > 0 and 3, > 0. The confidence intervals

for the forecast of the mean are

oy 12
Fieys 1 + 2k,

A1 1/2
EfﬂHj =+ th+j-
The forecasts of the conditional variance are

tht-l—l = Qg+ l‘.’l]ff + i?lht;
Eth't-l—_]l = T |Er‘.:§+j—l + _,l':;"l Eth't-l—j—l

— ap+ag (o +5,)+ (a1 + 3,) Echeria
= ap (1 +(a+ )+ -+ (ay +,5’;’.)j_1) + (ay + 3,) E.h,

1 —(a; + ,;"il)j

— ag/(l—a; — )

= Qy + (Ct'] —|'_.l':;"])j hr

as j — oo, if oy + #; < L.

7

20



ARCH in Mean

¢ ARCH-M model (Engle, Lilien and Robins (1987)): Assume that the risk premum

1 an increasing function of the concitional vanance of 5. The ARCH in mean
model of the excess return y; 1s

- 1/2
’y? - -Tﬁl; + 6?1—5— +.’:f: Ef — t-'lthff .

where h; 1s the conditional variance of ¢; and satisfies an ARCH (q) process: h, =
ap+ Y 1 ozl . Alternatively, the mean equation can also be specified as other

forms, eg.

yt _ ;TLH ‘I’ 5}3;;2 + f:f

or

yr = @3+ 0log(hy) + &4

21



Other ARCH Models 1/5

1. IGARCH: For GARCH(1,1), a; + /3, = 1. The conditional variance 1s
ht = + (l — .HI)EE—I _|__-'Ij'[ht—l

or
oo

he = /(1= 1) + (L = ) Z Breeii,

i=0
which yields a very parsimonious specification of a geometrically decaying condi-

tional variance (in the past realizations of the {s2}).

22



Other ARCH Models 2/5

2. GARCH with explanatory variables: Some exogenous factor D; affects the
volatihity:
h: = g + ﬂ:pfg_l - .ijlht—l T ﬁj'"Dt, v = 0.

3. TARCH: the threshold-GARCH model:
h.t = g T+ (Ct'l + )\|d't_1}53_| —|—_,|':}|hr_1?

where d;_; = 1, 1t 54— < 0; 0,otherwise. That 15, 5,y = 0 15 a threshold such
that shocks greater than the threshold have different effects (on the volatility h;)
from shocks below the threshold. If A, 1s statistically different from zero, the data

contains a threshold effect.

23



Other ARCH Models 3/5

4 EGARCH: the exponential-GARCH:

12

Inh; =ap + ase /b + A “f—l/h;izl

Note that 1) the volatility h; can be never negative; 2) the standardized value

of e;_11e & /hi_mh 1s used to give a unit-free measure of the volatility; 3) the

specification allows for leverage (threshold) effects since

|.f2| . { aq + )l.]] 't_|flh:|;f?i? iff:i-_| =0

Q)€ t—l/ht |"|")'kl ce-1/hi — A& ljh otherwise
) =t— S5

i—1s

which 1mphes that the effect of the standardized shock on the log of the volatihzy

18 ¢ + Ay 1f 54, 15 positive while the effect 15 —ay + Ay 1f 54— 15 negative.



Other ARCH Models 4/5

5. Nonparametric Specification: Corresponding to the linear parametric ARC'H(m_

hi = ap + @127 + - -+ + @zl the conditional variance is specified as
T
h: = Z wr(t}f_f_?
=174t
where the weights {wT(t)}Jf:IJTﬁ satisfies S 1_ rrewr(t) =L Mery,e0p, 0 erim
are close to g4y, 8¢9, "+ | 4, -:T' will provide usetul information on

h"{' = E (C§|Et—l7st—21 e 7‘r—_'t—m} 7
and we should sclect a larger weight w;(¢). Choose the kernel estimator of hy:
T r—1"Ct—1 D R T T—m "~ =f—wm
TT_ljl__ﬁE?_k (E hqs )k( zh: 2)#(%)
T Er—1—E4_1 Er_a—Es_2 v Er—am—Ei—m !
zﬁl,#tk( ha )k( ha )‘I”( . )
1.e. choose the weights
& ("—_r—lh_I":f—l j L (Er—zh—nff 5!) R (s,_ m —EE— m)
wo (1) = — /
ZT=1,T-“+_tk ( *r—'.l.hl t—l) k (‘—“r 2—E+— 2) L [ T—mm — Sf— m)
where hy, hy, -+  h,, are the bandwidths. Specially, for ARC'H (1),

T 2 Fe 1—F& 1
Zr:l#t ch( B )

">_‘ fﬁ KET—I_C{'—I 3\
e

h‘t=

.h.'u;=



Other ARCH Models 5/5

6. Semiparametric Model: h; 1s specified parametrically while the density of v; 1s
specified nonparametrically. See Engle R. F. and G-R. Gloria (1991), “Semipara-
metric ARCH Models”, Journal of Business and Economic Statistics 9: 345-359.

26



An Example: dln(pp1)

o Specified: % =4+AYu+&+05,+05, Elg [1,]1=0 Eg |l ]=0
Tests using Correlogram:
1) Residuals; 2) Squared residuals;
Test using ARCH LM to determine lags
O Now Specify:

Vo = Bo+ BYia +& + 08, +6,6 4, Ele |1,,]1=0, E[g |1 ]=0;
1) ARCH(4): o} =a,+a&’, +a,e’, +a,el,+a,&’,
2) GARCH(LY): 67 = a, +a,&’, + 5,07,

27



