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We propose a novel method for estimating the param-
eters and latent factors of Wishart term structure mod-
els (WTSM) under the Bayesian framework. The lack of
a closed-form transition density for the Wishart autoregres-
sive (WAR) latent factors makes the maximum likelihood
method or the generalised method of moments infeasible for
joint inference on model parameters and states. To address
this difficulty, we transform the WAR process into the outer
product of a first-order vector autoregressive (VAR(1)) pro-
cess with a Gaussian conditional density. A procedure com-
bining Markov chain Monte Carlo (MCMC) and sequential
Monte Carlo (SMC) is then employed for Bayesian inference.
We apply the WTSM and the proposed estimation method
to analyze the US yield curves over the period from 1961Q2
to 2025Q4. The model fits the data remarkably well and
identifies three economically meaningful risk factors govern-
ing yield dynamics via time-varying cross-factor correlation.
The estimated specification successfully reproduces short-
rate dynamics across the zero lower bound episode without
resorting to shadow-rate modeling, and generates empiri-
cally realistic time-varying correlations across yields of dis-
tinct maturities.
Primary G13, G17; secondary C11.
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1. INTRODUCTION
Time-varying volatility and changing correlations are per-

vasive features of individual asset returns as well as aggre-
gate financial prices such as the Treasury yield curve. Eco-
nomic theory suggests that aggregate risks should be priced
in asset returns; consequently, the time-varying volatility
and covolatility of interest rate movements should be re-
flected in the dynamic pricing of yield curves across maturi-
ties. Within the framework of arbitrage-free term structure
models—pioneered by [34] and [10], several strands have
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Information Center for computational service, and support from Na-
tional Science Foundation of China (72273118, 72033008).
†Corresponding author.

emerged to incorporate stochastic volatility (SV) under con-
sistent pricing conditions. These models are often divided
into spanned and unspanned volatility classes, depending on
whether the SV risk factors directly enter the cross-sectional
pricing of yields.

Spanned volatility models date back to the single-factor
square-root process of the CIR model [10]. In the gener-
alised affine term structure framework [15, 12], SV is in-
troduced via square-root processes alongside Gaussian au-
toregressive factors. However, ensuring positive definiteness
of the stochastic variance-covariance matrix imposes re-
strictive parameter constraints, creating a trade-off between
modelling conditional volatility flexibly and capturing con-
ditional correlation, which often becomes negative between
factors [12]. Quadratic term structure models (QTSMs) [2]
partly address this deficiency by allowing multivariate het-
eroscedastic volatility and flexible factor correlations, but
they tend to underestimate conditional yield volatility (es-
pecially at short to medium maturities) and produce corre-
lation patterns that are much smoother than those observed
empirically [2, 1].

Unsatisfactory performance of spanned models in fitting
both first and second moments of yields led to the develop-
ment of unspanned volatility models, where the SV factors
do not directly price yields but interact with the pricing
factors over time [8, 9]. Although unspanned models offer
greater flexibility for the second moment, their overall fit of-
ten does not improve upon affine models [11]. Moreover, [9]
find that unspanned volatility extracted from such models
is negatively correlated with short-rate volatility estimated
from reduced-form GARCH models, and these models can-
not quantify the effect of SV on cross-sectional yields, a
theoretically and practically important issue.

As a continuation of efforts to improve the theoreti-
cal properties of spanned SV models under no-arbitrage,
[21] propose a matrix-valued affine model based on the
Wishart autoregressive (WAR) process. The WAR pro-
cess guarantees positive definiteness of the stochastic
variance-covariance matrix at every point in time, has a
well-defined marginal density, and admits closed-form fore-
casts [19, 20]. This class, known as the Wishart term struc-
ture model (WTSM), extends QTSMs and permits an eco-
nomic interpretation of time-varying variances and covari-
ances across yields of distinct maturities via the stochastic
discount factor. [4, 28, 7]. An additional appealing feature of
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WTSMs is that, through time-varying correlation between
risk factors, they can generate both positive and negative
excess bond returns—a sign-switching property that is not
supported by completely affine term structure models unless
complex market prices of risk are introduced [6].

Despite these theoretical advantages, most empirical ap-
plications of WTSMs have assumed that the underlying
volatility process is known ex ante. For instance, [20] and
[5] compute realised volatility matrices from high-frequency
data and then apply the method of moments. [7] use an
unscented Kalman filter with likelihood approximation and
augment the information with realised yield volatilities, but
this approach does not guarantee consistency. In a related
strand, [23] develop a Riesz state-space model for observable
realized covariance matrices, also using Bayesian MCMC.
However, their approach relies on high-frequency data and
an observable proxy for the covariance matrix, which is not
available in many settings of macro-finance studies where
the volatility-covolatility process must be treated as latent.

The major obstacle to inference on the latent WAR
process is that its conditional distribution follows a
non-centered Wishart distribution, whose density has no
closed-form expression [20]. This complexity creates a se-
vere computational burden. In this paper, we bridge this gap
by developing an innovative Bayesian estimation procedure
based on Markov chain Monte Carlo (MCMC). Our method
is not only useful for studying WTSMs of yield curves but
also applicable to derivative pricing problems that rely on
WAR processes [17, 18, 20, 5].

Specifically, we focus on the WAR(1) process with integer
degrees of freedom. To circumvent the lack of a closed-form
transition density, we exploit an alternative representation
that expresses the WAR process as the outer product of
a mean-zero vector autoregressive process with Gaussian
innovations. This representation yields a Gaussian state
transition, enabling efficient MCMC sampling. We adopt
a two-step procedure: first, conditional on a given degrees
of freedom, we estimate all remaining parameters and the
latent variance-covariance process simultaneously using an
MCMC algorithm; second, we select the optimal degrees of
freedom using the deviance information criterion (DIC) eval-
uated via sequential Monte Carlo (SMC).

Using this estimation procedure, we apply a 2-by-2
WTSM model with three distinct variance and covariance el-
ements to span the cross-section of US quarterly yields from
1961Q2 to 2025Q4. From the estimated loadings and ex-
tracted latent factors, we identify three economically mean-
ingful factors: a long-term risk factor (Lt) primarily affect-
ing long-term yields, a short-term risk factor (St) capturing
short-rate dynamics, and a correlation risk factor (Cr ) rep-
resenting the time-varying correlation between Lt and St.

Our empirical results reveal several interesting features
consistent with observed yield behaviour:

• Economically interpretable latent factors – We extract
long-term, short-term, and correlation risk factors with

intuitive maturity loadings consistent with standard
yield curve behavior.

• Zero lower bound (ZLB) fit – The WTSM replicates em-
pirical short-rate movements throughout the zero lower
bound period with no need for supplementary shadow-
rate assumptions.

• Realistic cross-yield correlation – The model produces
time-varying cross-maturity yield correlations matching
key post-crisis and recession-era empirical patterns.

The remainder of this paper is organized as follows.
Section 2 presents the Wishart term structure model and
discusses the estimation challenges. Section 3 details the
Bayesian inference procedure, including the MCMC algo-
rithm and the SMC-based DIC for selecting the degrees
of freedom. Section 4 illustrates the method’s performance
through simulation studies. Section 5 applies the model to
the US yield curve, interprets the extracted factors, and doc-
uments the model’s ability to capture short rate patterns
including the ZLB phenomenon, and time-varying cross-
maturity yield correlations. Section 6 concludes.

2. THE WISHART TERM STRUCTURE
MODEL

2.1 Model Setup
Following [21], we assume that the stochastic discount

factor (SDF) from period t to t + 1 is

Dt,t+1 = exp
{

d + Tr
(
CΩt+1

)}
,(1)

where Tr(·) denotes the matrix trace, d is a scalar param-
eter, C is an n × n symmetric matrix, and Ωt+1 is a latent
volatility matrix that represents the latent risk factors at
time t+1. We further assume that the matrix series {Ωt} fol-
lows a first-order Wishart autoregressive process (WAR(1)),
defined through its conditional Laplace transform as follows
[20]:

Ψt(Γ) :=E
[
exp

{
Tr(ΓΩt+1)

}
| Ω1, · · · Ωt

]
=

exp
{

Tr
[
M ′Γ(In − 2ΣΓ)−1MΩt

] }
[det(In − 2ΣΓ)]K/2 ,(2)

where In denotes the n × n identity matrix, Γ is an n × n
matrix such that In −2ΣΓ is positive definite. Here, M is an
n × n autoregressive coefficient matrix, Σ is an n × n sym-
metric positive-definite innovation covariance matrix, and
K ≥ n is the degrees of freedom of the WAR(1) process.
The WAR(1) process ensures that Ωt stays positive defi-
nite, which is essential for a well-defined variance-covariance
structure of the underlying risk factors.

Let Pt,τ be the price of a zero-coupon bond with payoff
1 and maturity τ at time t. Under the SDF Dt,t+1 defined
in (1) and the no-arbitrage condition, bond prices are expo-
nentially affine in Ωt. Specifically, we have

Pt,0 = 1 = exp
{

A0 + Tr(B0Ωt)
}

,
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where A0 is an n × 1 zero vector and B0 is an n × n zero
matrix, and for τ = 1, 2, · · · , we can recursively obtain that
Pt,τ

= E
(

Dt,t+1Pt+1,τ−1 | Ω1, · · · Ωt

)
= E

[
exp{d + T r(CΩt+1)} · exp{Aτ−1 + T r(Bτ−1Ωt+1)} | Ω1, · · · Ωt

]
= E

[
exp

{
d + Aτ−1 + T r

(
(C + Bτ−1)Ωt+1

)}
| Ω1, · · · Ωt

]
:= exp{Aτ + T r(Bτ Ωt)},

where

Aτ = d + Aτ−1 − K

2 log [det(In − 2Σ(C + Bτ−1))](3)

and

Bτ = M ′(C + Bτ−1)[In − 2Σ(C + Bτ−1)]−1M(4)

according to Equation (2). Given Pt,τ and accounting for
pricing errors, the zero-coupon bond yield of maturity τ at
time t becomes

yt,τ = − 1
τ

log Pt,τ + εt,τ(5)

= − 1
τ

{
Aτ + Tr

(
Bτ Ωt

)}
+ εt,τ ,(6)

where εt,τ ∼ N(0, σ2) denotes the pricing error.

2.2 Challenges in Estimating the WTSM
If the matrix factors {Ωt} were observable, the parame-

ters M, Σ and K of the WAR(1) model can be estimated
by the method of moments [20]. However, since {Ωt} is typ-
ically unobservable and we need to rely on the observable
zero-coupon bond yields {yt,τ } for inference on the model,
the method of moments estimator is infeasible in this cir-
cumstance. Consequently, the WTSM can be formulated as
a state-space model:

Observation equation: yt,τ = − 1
τ

{Aτ + Tr[Bτ Ωt]} + εt,τ ,

State equation: {Ωt} ∼ WAR(1) process.

(7)

We are interested in estimating the model parameters and
the latent factors {Ωt, t = 1, 2, · · · }.

Common approaches for estimating state-space models
include Markov chain Monte Carlo (MCMC) [29], simu-
lated maximum likelihood [16, 31], and nonlinear filtering
[7]. MCMC is attractive because it simultaneously samples
parameters and latent states from the full posterior dis-
tribution, thereby avoiding the bias of approximate filters.
However, the lack of a closed-form transition density for the
WAR process has precluded the use of MCMC for inference
on the WTSM in existing studies.

We circumvent this difficulty by focusing on the case of
integer degrees of freedom K and exploiting an equivalent

representation that transforms the WAR(1) process into a
Gaussian state-space form. This idea is conceptually related
to recent work by [23] on matrix-variate state-space mod-
els for observable realized covariance measures, but our set-
ting is fundamentally different because {Ωt} is latent and
no high-frequency proxy is available.

2.3 WTSM with Integer Degrees of
Freedom

When the degrees of freedom K is an integer, the WTSM
in (7) can be represented as[20, 21]:

Observation equation: yt,τ = − 1
τ

{Aτ + Tr[Bτ Ωt]} + εt,τ ,

State equations: Ωt = ZtZ
′
t,

Zt = MZt−1 + Ξt,

(8)

where Aτ and Bτ are given in (3) and (4), respectively,
the pricing errors εt,τ ∼ N(0, σ2) are independent across
time t and maturity τ , Zt = (zt,1, · · · , zt,K) and Ξt =
(ξt,1, · · · , ξt,K) are n×K matrices, {ξt,1}, · · · , {ξt,K} are in-
dependent n-dimensional Gaussian white noises with ξt,k ∼
N(0, Σ), k = 1, · · · , K, and M , Σ and K are the param-
eters in the WAR(1) process. In this new representation,
{Ωt} is the outer product of a latent vector autoregressive
Gaussian process {Zt}. Conditional on Zt−1, the transition
density of Zt has a closed form, which resolves the main
computational obstacle to implementing MCMC. We also
let Yt = (yt,τ1 , · · · , yt,τN

)′ denote the vector of yields yt,τ

observed at time t for different maturities.
In the above model, notice that multiplying Zt by an or-

thogonal matrix leaves Ωt = ZtZ
′
t unchanged, so Σ is not

identifiable up to a multiplicative orthogonal matrix. Fur-
thermore, the conditional likelihood of yt,τ depends on Σ
through CΩt+1 and CΣt+1, which induces an identification
problem for Σ and C. To address the identification issue, we
follow [23] and fix the innovation covariance matrix Σ to the
identity matrix In.

3. BAYESIAN INFERENCE
In this section, for model (8) with observed yield vectors

Y1, · · · , YT , we consider the estimation of the integer degrees
of freedom K, the remaining unfixed model parameters Θ :=
(M, d, C, σ2), and the latent risk factors {Ωt = ZtZ

′
t, t =

1, · · · , T} under the Bayesian framework.

3.1 Inference on Θ and the Latent States
Given K

We first consider Bayesian inference on Θ = (M, d, C, σ2)
and Ωt = ZtZ

′
t, t = 1, · · · , T , when the integer degrees of

freedom K is given. In this subsection, we suppress the de-
pendence on K in the model whenever it will not cause
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confusion. The joint posterior distribution of (Z1:T , Θ) in
model (8) is

P (Z1:T , Θ | Y1:T ) ∝ P (Z1:T , Y1:T , M, d, C, σ2)
= P (Z1, M, d, C, σ2)P (Y1 | Z1, M, d, C, σ2)

×
T∏

t=2

P (Zt | Zt−1, M)P (Yt | Zt, M, d, C, σ2),

where Z1:T = (Z1, · · · , ZT ) and Y1:T = (Y1, · · · , YT ),
P (Z1, M, d, C, σ2) is the joint prior distribution of the initial
state Z1 and the parameters (M, d, C, σ2), P (Zt | Zt−1, M)
and P (Yt | Zt, M, d, C, σ2) are defined by the state equation
and observation equation in (8), respectively.

We use the MCMC method to draw samples{(
Z

(s)
1:T , Θ(s))}S

s=1 from the posterior distribution
P (Z1:T , Θ | Y1:T ). Then each parameter, say θ, can be
estimated by

θ̂ = 1
S

S∑
s=1

θ(s),

and the latent factor Ωt, t = 1, · · · , T , can be estimated by

Ω̂t = 1
S

S∑
s=1

Z
(s)
t (Z(s)

t )′.

A more detailed discussion of the MCMC method can be
found in [30] and [25]. In the following, we describe some
implementation details of the MCMC procedure.

3.1.1 Prior Distributions

For simplicity, we choose the joint prior distribution

P (Z1, M, d, C, σ2) = P (Z1) P (M) P (d) P (C) P (σ2),

that is, Z1, M , d, C, and σ2 are independent in the prior
distribution.

For ease of representation, we rearrange the n2 entries in
M into a vector denoted as −→

M . Similarly, we arrange the
(n2 + n)/2 distinct entries in C into a vector −→

C . Without
extra prior information, we adopt non-informative priors for
there parameters. Specifically, we set

P (−→M) ∝ 1, P (d) ∝ 1, P (−→C ) ∝ 1,(9)

and

P (σ2) ∝ 1/σ2.(10)

For the prior distribution P (Z1) of Z1 = (z1,1, · · · , z1,K), we
let z1,1, · · · , z1,K be independent and identically distributed
as N (µz,prior, Σz,prior), where µz,prior is a zero vector and
Σz,prior is set to the identity matrix.

3.1.2 Metropolis-within-Gibbs Sampling

We draw samples
{(

Z
(s)
1:T , Θ(s))}S

s=1 from the posterior
distribution P (Z1:T , Θ | Y1:T ) by iteratively updating each
component of Θ and Z1:T using the Metropolis-within-
Gibbs sampling method. Specifically, given the initial sam-
ple

(
Z

(1)
1:T , Θ(1)), the algorithmic steps to recursively gener-

ate
(
Z

(s)
1:T , Θ(s)), s = 2, 3, · · · , are described as follows.

1. Update Z1:T : For t = 1, · · · , T , generate Z
(s)
t as follows.

(a) Draw z∗
t,k, k = 1, · · · , K, from the trial distribu-

tion

Q(Z∗
t | Z

(s)
1:t−1, Z

(s−1)
t+1:T ,

−→
M (s−1), Σ(s−1)) ∼ N

(
A−1

Z,t,kBZ,t,k, A−1
Z,t,k

)
,

(11)

where

BZ,t,k =


(M (s))′Σ−1z

(s−1)
k,t+1 + Σ−1

z,priorµz,prior, t = 1;
(M (s))′Σ−1z

(s−1)
k,t+1 + Σ−1(M (s)z

(s)
k,t−1), 1 < t < T ;

Σ−1(M (s)z
(s)
k,t−1), t = T

(12)

and

AZ,t,k =

 (M (s))′Σ−1M (s) + Σ−1
z,prior, t = 1;

(M (s))′Σ−1M (s) + Σ−1, 1 < t < T ;
Σ−1, t = T .

(13)

(b) Let Z∗
t =

(
z∗

t,1, · · · , z∗
t,K

)
. Accept Z∗

t as Z
(s)
t with

probability

max
{

1,
P

(
Yt | Z∗

t ,
−→
Ms−1, d(s−1),

−→
C (s−1), (σ2)(s−1))

P
(
Yt | Z

(s)
t ,

−→
M (s−1), d(s−1),

−→
C (s−1), (σ2)(s−1)

)}
,

(14)

and let Z
(s)
t = Z

(s−1)
t if Z∗

t is rejected.

2. Draw −→
M∗ from a random walk proposal

Q(−→M |
−→
M (s−1)) ∼ N(−→M (s−1), σ2

M · In2),(15)

where σM is a prespecified step size. Accept −→
M∗ as −→

M (s)

with probability

max

{
1,

∏T

t=1 P
(

Yt | Z
(s)
t ,

−→
M∗, d(s−1),

−→
C (s−1), (σ2)(s−1)

)∏T

t=1 P
(

Yt | Z
(s)
t ,

−→
M(s−1), d(s−1),

−→
C (s−1), (σ2)(s−1)

)
×

∏T

t=2 P (Z(s)
t |Z(s)

t−1,
−→
M∗)∏T

t=2 P (Z(s)
t |Z(s)

t−1,
−→
M(s−1))

}
,(16)

and let −→
M (s) = −→

M (s−1) if −→
M∗ is rejected.

3. Draw d∗ from the trial distribution

Q(d | d(s−1)) ∼ N(d(s−1), σ2
d).(17)
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Accept d∗ as d(s) with probability

max

{
1,

∏T

t=1 P
(
Yt | Z

(s)
t ,

−→
M (s), d∗,

−→
C (s−1), (σ2)(s−1))∏T

t=1 P
(
Yt | Z

(s)
t ,

−→
M (s), d(s−1),

−→
C (s−1), (σ2)(s−1)

)}
,

(18)

and let d(s) = d(s−1) if d∗ is rejected.
4. Draw −→

C ∗ from the trial distribution

Q(−→C |
−→
C (s−1)) ∼ N(−→C (s−1), σ2

C · I(n2+n)/2)(19)

Accept −→
C ∗ as −→

C (s) with probability

max

{
1,

∏T

t=1 P
(
Yt | Z

(s)
t ,

−→
M (s), d(s),

−→
C ∗, (σ2)(s−1))∏T

t=1 P
(
Yt | Z

(s)
t ,

−→
M (s), d(s),

−→
C (s−1), (σ2)(s−1)

)}
,

(20)

and let −→
C (s) = −→

C (s−1) if −→
C ∗ is rejected.

5. Draw (σ2)(s) from the conditional distribution

P (σ2 | d(s),
−→
C (s), M (s), Z

(s)
1:T , Y1:T )(21)

∼ inverse-Gamma(α, β),(22)

where α = TN/2 and

β =
T∑

t=1

N∑
l=1

(
yt,τl

+ 1
τl

(
A(s)

τl
+ Tr

[
C(s)

τl
Ω(s)

t

]))2
/2

Alternatively, we can draw h ≡ σ−2, which follows a
corresponding Gamma distribution.

3.2 Selection of the Degrees of Freedom
In empirical studies, it is important to choose appropri-

ate degrees of freedom, K, for model (8), where the dimen-
sion of the state variable Zt depends on K. [22] proposes
the reversible jump MCMC method for Bayesian model de-
termination when the dimension of the model space is not
fixed. However, how to choose an efficient jump between
state spaces of differing dimensionality remains a challeng-
ing problem in general. We consider employing the deviance
information criterion (DIC) to select K [32, 33], which is
defined as

DIC(K)
(23)

:= E
[
L(Θ; K) | Y1:T , K

)]
+

{
E

[
L(Θ; K) | Y1:T , K

)]
− L(Θ; K)

}
= 2E

[
L(Θ; K) | Y1:T , K

)]
− L(Θ; K),

where L(Θ; K) = −2 log P
(
Y1:T |Θ, K) and Θ =

E
(
Θ | Y1:T , K

)
. We select the value of K that minimizes

DIC(K).
Using the MCMC samples

{(
Z

(s)
1:T , Θ(s))}S

s=1 generated
from the posterior distribution P (Z1:T , Θ | Y1:T , K) as pre-
sented in Section 3.1, the DIC value can be estimated as

D̂IC(K) = 2
S

S∑
s=1

L(Θ(s); K) − L
(
Θ̂; K

)
,(24)

where Θ̂ = 1
S

∑S
s=1 Θ(s). However, computing P

(
Y1:T |Θ, K)

in L(Θ; K) involves a a high-dimensional integral of the form

P
(

Y1:T |Θ, K)

(25)

=
∫

P
(

Z1:T , Y1:T | Θ, K) dZ1:T

=
∫

P (Z1 | K)P (Y1 | Z1, Θ, K)
T∏

t=2

P (Zt | Zt−1, Θ, K)P (Yt | Zt, Θ, K) dZ1:T ,

which does not have a closed-form solution. We consider em-
ploying the sequential Monte Carlo (SMC) method to evalu-
ate P

(
Y1:T |Θ, K) [24, 3]. The algorithmic steps are provided

below.

1. At time t = 1, draw samples Z
(j)
1 , j = 1, · · · , m, from

the prior distribution P (Z1 | K), and compute weights

w
(j)
1 = P (Y1 | Z

(j)
1 , Θ, K).(26)

2. At times t = 2, · · · , T ,
(a) Draw samples Z

∗(j)
1:t−1, j = 1, · · · , m, from a dis-

crete distribution constructed using the weighted
sample set {(Z(j)

1:t−1, w
(j)
1:t−1)}m

j=1, which is

m∑
j=1

w
(j)
t−1∑m

k=1 w
(k)
t−1

δ
(

Z0:t−1 − Z
(j)
0:t−1

)
,(27)

where δ(·) is the Dirichlet function.

(b) Draw Z
(j)
t , j = 1, · · · , m, from the distribution

P (Zt | Z
∗(j)
t−1 , Θ, K).

(c) Compute weights

w
(j)
t = P (Yt | Z

(j)
t , Θ, K).

According to the principle of sequential importance sam-
pling, the discrete distribution (27) constitutes an approxi-
mation to the distribution P (Z1:t−1 | Y1:t−1, Θ, K), and the
generated samples Z

(j)
t j = 1, · · · , m, follow the distribution

P (Zt | Y1:t−1, Θ, K) approximately. Therefore, as the SMC
sample size m → ∞, we have

P̂ (Y1 | Θ, K)(28)

:= 1
m

m∑
j=1

w
(j)
1

a.s.−→ E
[
w

(j)
1

]
=

∫
P (Y1 | Z1, Θ, K)P (Z1 | K) dZ1 = P (Y1 | Θ, K)

and

P̂ (Yt | Y1:t−1, Θ, K)

(29)

Bayesian Estimation of Wishart Term Structure Models 5



:= 1
m

m∑
j=1

w
(j)
t

a.s.−→
∫

P (Yt | Zt, Θ, K)P (Zt | Y1:t−1, Θ, K) dZ1

= P (Yt | Y1:t−1, Θ, K).

Consequently, L(Θ; K) in (24) can be estimated by

L̂(Θ; K)

(30)

= −2 log P̂
(
Y1:T |Θ, K)

:= −2 log
[

P̂ (Y1 | Θ, K) +
T∑

t=1
log P̂ (Yt | Y1:t−1, Θ, K)

]
.

The reader is referred to [25] and [14] for further details on
the SMC method.

4. SIMULATION STUDIES
Since three-factor models are commonly used to capture

diverse shapes and explain the majority of variation in yield
curves [27, 15, 12, 13], we consider a WAR(1) process with
n = 2 and K = 3 in model (8) for simulation and empirical
study, in which {Ωt} is a 2 × 2 symmetric matrix series that
contains three different dynamic risk factors.

We simulate the data using model (8) with T = 500
and maturities τ ∈ {1, 4, 8, 16, 20}. The parameters in the
stochastic discount factor are set as d = −4 × 10−3 and

C =
(

−8 −5
−5 −30

)
× 10−5.

The coefficient matrix in the WAR(1) process is given by

M =
(

0.96 −0.05
0.1 0.85

)
, and Σ =

(
1 0
0 1

)
.

For the initial state Z1 = (z1,1, · · · , z1,K), we draw z1,k,
k = 1, · · · , K, independently from the normal distribution

N

((
0
0

)
,

(
1 0
0 1

))
.

Figure 1 displays one realization of the simulated WAR(1)
process {Ω1:T }. The time-varying correlation between the
two volatility risks is presented in Figure 2, which is com-
puted as ρt = Ωt,12√

Ωt,11Ωt,22
. It is evident that substantial vari-

ation exists not only in the variances but also in the corre-
lations. Figure 3 presents the average upward-sloping yield
curve, together with yield curves of distinct shapes gener-
ated in the sample.

[Figure 1. Simulated Wishart factors in Ω1:T ]

[Figure 2. Time-varying correlation ρt = Ωt,12√
Ωt,11Ωt,22

]

[Figure 3. Average yields and specific shapes generated in
the sample]

Given that K = 3, we estimate the parameters Θ =
(M, d, C, σ2) and the risk factor series Ω1;T with the MCMC
procedure described in Section 3.1. We generate 40,000 sam-
ples via the MCMC procedure, with the first 20,000 samples
discarded as the burn-in period. The posterior distributions
of the parameters are shown in Figure 4. It can been seen
that the posterior distributions concentrate closely around
the true parameter values even under non-informative pri-
ors. The trace plots in Figure 5 indicate satisfactory conver-
gence of the Markov chain.

[Figure 4. Posterior distribution of M, C, d, and h]

[Figure 5. Trace plots of posterior draws]

Figure 6 plots the the 95% highest posterior density
(HPD) intervals of Ω1:T , which closely track the true Ω1:T .
Figure 7 displays the implied correlation derived from the
simulated data alongside the estimated median correlation
series. While the estimated correlation series is smoother
than its simulated counterpart, it effectively captures the
time-varying patterns of the true correlation series.

[Figure 6. The 95% HPD intervals of Ω1:T and the true
Ω1:T ]

[Figure 7. True and estimated time-varying correlation
series]

Table 1 summarizes the goodness-of-fit metrics for the
yields {yt,τ }. The mean absolute error (MAE) and root
mean squared error (RMSE) between the estimated poste-
rior mean and the simulated data range from 10 to 15 basis
points (bps), which are comparable to those reported in typ-
ical empirical studies of three-factor yield curve models.

Next, we use D̂IC(K) in (24) to select the degrees of
freedom, K, for the simulated data. To save computational
time, we retain one sample of the parameter Θ out of every
20 consecutive MCMC samples generated above; that is, we
keep 1000 samples of Θ(s). The SMC procedure described
in Section 3.2 with m = 5000 is used to compute L(Θ, K)
for each Θ(s). Figure 8 plots D̂IC(K) for K = 2, 3, 4, 5,
which shows that the model attains the smallest D̂IC(K)
at K = 3, the true degrees of freedom.

[Figure 8. Logarithm of Bayesian posterior probabilities for
alternative K]
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5. EMPIRICAL STUDY OF U.S. YIELD
CURVE WITH THE WTSM

We apply the WTSM model with n = 2 to the quarterly
U.S. zero-coupon equivalent yield curve data from 1961Q2
to 2025Q4, among which the 1-quarter yield, 1-, 2-, 3-, 4-,
and 5-year yields from [26]. The yield data are plotted in
Figure 9. The statistics for its mean and standard deviation
are reported in Table 2.

[Figure 9. U.S. Treasury yield curve from 1961:Q2 to
2025:Q4]

Using the SMC procedure described in Section 3.2, we
calculate D̂IC(K) for K = 2, 3, 4, 5 and report the values
in Table 3. It suggests that we use K = 3 in the WTSM. In
the following, we focus on Bayesian inference of the model
for the K = 3 case.

5.1 Parameter Estimation and Goodness of
Fit

Table 5 reports the posterior mean and 95% HPD interval
for each parameter. It shows that M11 is close to 1 and is
far higher than M22, indicating that the process of Ωt,11 is
more persistent than that of Ωt,22.

The results in Table 4 show that the model fits the yield
curve very well with an average error of 12 bps measured
in MAE and around 16 bps in RMSE, similar to the perfor-
mance in our simulation study.

The tight in-sample fitting across all maturities confirms
the WTSM’s strong empirical performance in matching U.S.
Treasury yield levels over 1961Q2–2025Q4, laying the foun-
dation for reliable interpretation of latent risk factors and
yield dynamics below.

5.2 Dynamic Factors
The dynamic factors of the underlying volatility and co-

valatility factors are plotted in Figure 10, where the solid
lines indicate posterior means and dashed lines are for 95%
HPD intervals. All three factors display an overall pattern
of peaks around the beginning of 1980s, and the first factor
is the most persistent which captures the most prominent
common movement of the yield curve.

[Figure 10. Posterior means and 95% HPD intervals of
Ω1:T ]

To uncover the economic meaning of these three factors
in their relationship with yields, we plot the factor loadings
of these three factors along maturity in Figure 11:

(1) Long-term (Lt) risk factor, Ωt,11. The first loading on
factor Ωt,11 is upward sloping, meaning that the long term
yield is affected the most, thus a Long-term (Lt) risk factor.

(2) Short-term (St) risk factor, Ωt,22. The second load-
ing on factor Ωt,22 is downward sloping, indicating that the
effect of this factor mostly affects the short term yield and
has diminishing effect on long term yields.

(3) Covariance (Cr) risk factor Ωt,12 and Ωt,21. The third
loading on the covariance factor Ωt,12 and Ωt,21 is hump
shaped with the highest effect on yield around 2-3 quarters
(more precisely 7 months).

[Figure 11. Factor loadings of three Wishart factors]

These three economically distinct latent components con-
stitute the core drivers of cross-sectional yield variation in
our empirical WTSM setup.

5.3 Zero Lower Bound
A key empirical advantage of our three-factor WTSM

manifests in its ability to reproduce observed short-term
interest rate movements during the prolonged zero lower
bound period, as illustrated in Figure 12. Unlike many con-
ventional affine and quadratic term structure models that
require auxiliary shadow-rate constructs to accommodate
bounded nominal short rates, our specification built on la-
tent Wishart volatility-covariance factors naturally gener-
ates empirically consistent short-rate dynamics across the
ZLB episode without any additional shadow-rate assump-
tions. This finding constitutes a novel empirical merit of the
Wishart-based arbitrage-free yield framework.

[Figure 12. Short interest rate fit during the ZLB period ]

5.4 Model-Implied Time-Varying Correlation
Between Yields

Figure 13 plots the implied time-varying correlations
between the 3-month yield and 1- and 5-year yields, re-
spectively. Consistent with stylized U.S. fixed-income facts,
cross-maturity yield correlations decline as maturity gaps
widen, drop notably during economic recessions, and sink
to historically low levels post the 2008 financial crisis amid
large-scale quantitative easing programs.

[Figure 13. Model-implied conditional correlations of yields
across maturities]

6. CONCLUSION
We have developed a Bayesian estimation framework for

the Wishart term structure model (WTSM) with a latent
WAR(1) process. By reparameterising the volatility process
as the outer product of a Gaussian vector autoregression,
we overcome the lack of a closed-form transition density
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and enable efficient Markov chain Monte Carlo (MCMC)
inference on parameters and latent states. The optimal de-
grees of freedom are selected via the deviance information
criterion using sequential Monte Carlo.

Our empirical implementation delivers economically in-
terpretable long-term, short-term and correlation risk fac-
tors and generates realistic time-varying cross-maturity
yield correlations consistent with historical U.S. Treasury
data. Most notably, the model reliably fits short-rate dy-
namics during the zero lower bound period without impos-
ing shadow-rate restrictions, a key practical advantage rel-
ative to conventional affine and quadratic yield curve spec-
ifications.

Our procedure delivers accurate parameter estimates and
latent factor reconstructions, with in-sample fit errors of
about 11–14 basis points. Extensions to higher-dimensional
WAR processes, non-integer degrees of freedom, or VAR-
WAR state dynamics with observable macroeconomic vari-
ables in the VAR process are promising avenues for future
research.

7. TABLES AND FIGURES

Table 1. Goodness of fit for the yields

3-month 1-year 2-year 4-year 5-year

MAE(bp) 12.18 11.42 11.47 10.67 10.88

RMSE(bp) 15.46 14.47 14.25 13.78 13.66

Table 2. Mean and standard deviation of U.S. yields

Maturity Mean(%) Standard deviation(%)

3-month 4.47 3.19

1-year 4.81 3.25

2-year 5.00 3.22

3-year 5.15 3.16

4-year 5.30 3.10

5-year 5.40 3.03

Table 3. DIC(÷103) for alternative K

K 2 3 4 5
DIC -1.713 -1.506 -1.871 -1.779

Table 4. In-sample fit of the three-factor WTSM with U.S.
data

3-month 1-year 2-year 3-year 4-year 5-year

MAE(bp) 13.99 12.93 11.19 11.81 9.77 14.94

RMSE(bp) 18.20 17.00 14.15 15.66 14.54 20.66
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Table 5. Posterior mean and 95% HPD intervals of model
parameters

Parameter C̄11 × 106 C̄12 × 106 C̄21 × 106 C̄22 × 104

Mean -1.185 -2.385 -2.385 -1.722

95% HPD interval (-3.067 -0.183) ( -4.339 -0.943) (-4.339 -0.943) (-1.764 -1.666)

Parameter M11 M12 M21 M22

Mean 0.941 0.064 0.106 0.868

95% HPD interval (0.934 0.948) (0.054 0.073) (0.100 0.113) (0.860 0.876)

Parameter d × 104 h/106

Mean 5.172 5.732

95% HPD interval (5.042 5.287) ( 5.308 6.157)
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Figure 1. Simulated Wishart factors in Ω1:T
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Figure 5. Trace plots of posterior draws

Bayesian Estimation of Wishart Term Structure Models 9



Figure 6. The 95% HPD intervals of Ω1:T and the true Ω1:T
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Figure 7. True (solid line) and estimated (dashed line)
time-varying correlation series

Figure 8. Logarithm of Bayesian posterior probabilities for
alternative K
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Figure 12. Short interest rate fit during the ZLB period
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Figure 13. Model-implied conditional correlations of yields
across maturities

CODE AND DATA AVAILABILITY
The code is available upon request and the data are pub-

licly available at https://sites.google.com/view/jingcynthia
wu/yield-data.
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